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THE COTYPE AND UNIFORM CONVEXITY
OF UNITARY IDEALS

BY
D. J. H. GARLING AND N. TOMCZAK-JAEGERMANN'

ABSTRACT

Information about geometric properties, such as uniform convexity and smooth-
ness, type and cotype, of a unitary Banach ideal S; is obtained from properties
of the symmetric Banach sequence space E. In particular S has cotype 2 if E
does. The proofs use real interpolation and complex geometry.

1. Introduction

In this paper we solve some problems which arise in the theory of unitary
ideals. There is a natural correspondence between unitary ideals and symmetric
Banach sequence spaces, and one would expect properties of an unitary ideal to
reflect the properties of the corresponding sequence space. Thus the first-named
author showed [5] that topological properties are related in a natural way, and
the second-named author showed [12] that the ideals S, have the same convexity
and smoothness, type and cotype properties as the spaces l,. Other geometric
and topological properties have been investigated by Arazy ([1], [2]).

Nevertheless, the lack of commutativity leads to non-trivial difficulties, and
the problems which we consider have been in circulation for at least a decade.

In this paper, we make systematic use of real interpolation methods; this
means that we have to renorm the spaces which we consider with equivalent
norms. This is not important in considering cotype, which is an isomorphic
invariant; we do not know, however, whether the results which we obtain
concerning uniform convexity (which is an isometric invariant) are valid without
renorming.

In considering unitary ideals, it is of course natural to consider ideals of
operators on a complex Hilbert space, and we also make fundamental use of the
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complex geometry of the spaces in question. Thus uniform PL-convexity, which
is implied by (real) uniform convexity and which implies cotype properties, turns
out to be a very useful tool. A detailed study of the properties of uniform
PL-convexity is made elsewhere [4]. Let us give the definitions and mention the
basic result that we use. Suppose that (E,|| ||) is a complex Banach space and
that 0<p <. We define

. 1 27 o p
Hy(e)=int { (55 [ T+ etylpao) "~ 1:xl= 1,1yl = ¢}
0

(E,| | is q-uniformly PL-convex (where 2 =g <) if there exists k >0 such
that Hi(e)= ke for 0<e =1.If (E,|| |) is g-uniformly PL-convex, it follows
that E has cotype q.

Let us now describe the structure of this paper. In section 2, we describe the
interpolation methods that we use; these are related to the real K-methods of
classical interpolation theory. We are in fact only concerned with interpolation
between sequence spaces, and between unitary ideals. In Section 3 we establish
some operator norm inequalities; although we shall need them later on, they
appear to have some independent interest. In the next section we introduce the
concept of K-monotonic norms for sequence spaces and establish the relation-
ship between such norms and the uniform PL-convexity and (real) uniform
convexity of the corresponding unitary ideals. In Section 5 we show that a
p-convex symmetric Banach sequence space can be given an equivalent K-p-
monotonic norm. This leads to results concerning cotype. In the final section, we
introduce a different renorming for a symmetric Banach sequence space which
satisfies an upper p-estimate and a lower g-estimate. This ensures the uniform
convexity and uniform smoothness of the corresponding unitary ideal with good
control of the moduli. Here there are more properties to be preserved, and the
renorming is correspondingly more complicated.

Throughout the paper we use standard Banach space theory notation. We
refer to [8] for definitions and notation from the theory of Banach lattices, and to
[6] for the basic facts about ideals of operators acting in a Hilbert space.

If A is a compact operator acting in a Hilbert space then | A | denotes the
“modulus of A”,|A|=VA*A, and s(A) = {s;(A)};=, denotes the sequence of
singular numbers of A, i.e., 5;(A) is the jth eigenvalue of |A| (where
eigenvalues are counted in non-increasing order, according to their multiplicity).
Suppose that (E,]| |)is a symmetric Banach sequence space. The corresponding
unitary ideal Sg is the space

Se ={A compact: s(A)€E E},
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with the norm | A ||z =||s(A)| for A € Sg.

In the case E =1, for 1 =p <, we use the notation S, =S, and ||A ||, =
(E-is(AY)” for A€ES,. Finally, S. denotes the space of all compact
operators and |f. || the usual operator norm.

This work was done at the Department of Mathematics, Texas A and M
University, while the second-named author held a visiting position. Both authors
would like to thank Elton Lacey and the Department for their hospitality and for
financial support. The first-named author would also like to thank St. John’s
College, Cambridge for financial support.

2. Some interpolation norms

In this section we consider some interpolation norms related to the real
K-method ([3] chapters 3 and 5). Suppose that (X, X,) is a couple of Banach
spaces. Recall ([3] p. 38) that if x € X, + X, and 7 >0, K(7, x; X0, X)) is defined
by

K (7, x; Xo, X3) = inf{]| xo| + 7} x1 | : x0 € Xo, x: € X1, x = xo+ x1}.

For our purposes, it will be more convenient to work with the quantity
Ko(7, x5 Xo, X3) = inf{(|| X0l + 74 %1 P : x0 € X0, x: € X1, X = x0+ %1}
Clearly
Ko, x; Xo, X)) = K (1, x; Xo, X1) = V2 Ko7, X, X0, X)).
Let 1=r<s=o Itis easy to see that
Kor,x; 1, LY =Ky(r|x|; 1, L) = Ko, x*; 1, L),
for x €1, and all >0, and that

K(r, x; L, L) =inf{(J| %ol + 72| x:[2F: X0 €E L, x1 € L, X0, %1 Z 0, X = X0+ x4}

for all 7>0, if x is a positive element of [.

The next proposition, which will play a fundamental role in our arguments,
follows from the corresponding results for K ([7] theorem 4.1 and [3] theorem
5.2.1; note though that there are errors in [3] exercises 5.7.2 and 5.7.3).

ProposITION 1. Suppose that 1 =r <s <. There exist positive constants ¢,
and c, such that
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m 1/r © 1/s
csz(m“,x;l,,ls)é(z x*,-") +m“( z xT)
i=1 j=m+1

= Cle(ma, X, lr, ls),

forallxe€l,and m=1,2,..., where a =1/r —1/s.
Furthermore,

ir

IKo(mV, x; 0, L) = (2 x’}”) =V2Km",x;1,1.)
=

forallxel.and m=1,2,....
We now establish some convexity and concavity properties of K.
ProPOSITION 2. Let 1=r=2=qg=w. If x and y are in l,, and 7 >0, then

KZ(Ta(Ixr +'y

VL LY =K xy L, L) Koty L, L)
and
Ko(r, (Ix " +ly )"0, L)Y 2 Ku(r, x5 b, L) + Ko7,y L, L)

Proor. Throughout this proof we shall write Kx(7,x) for Ky(r, x;1,1). To
show the first inequality suppose that |x | = xo+ x; and |y | = yo + y, with x, and
yo positive elements of [, and x; and y, positive elements of /. Then

Kz('T,(Ix

“+|y

VS Ko, (x5 + o)+ (x4 y)")
= (ot v |+ ol ey )
= [(xoll+ ol + 73l + a1,

since I, and I, are both r-convex with constants equal to 1. Since 2/r 2 1, by the
triangle inequality for the space I, the last expression is less than or equal to

[lollr + 72 Y™ + (U yol + 7l )T

Taking the infimum over all such decompositions of | x | and | y |, it follows that
)= (K |x |) + Kol [y [))
= (Ko, x) + K7, y))".

KZ('T’('xlr +'y

To show the second inequality suppose that (|x |? +|y|?)" = zo+ z;, with ze a
positive element of I, and z, a positive element of ;. Define elements

xo=zox([x[* +|y )™, xi=zux(|x [ +]y[)™"
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and

Yo=2zoy(|x " +|y "), yi=ziy(|x|* +|y )"

Note that x =xo+x, and y = y,+y,. Moreover, zo=/(|xo|" +|yo|*)"* and
= (Il +{y: )"
Therefore, since both I, and [, are g-concave with constants equal to 1 and
since q/2=1,

(Nzoll + 71 20l 2= [Cllxoll?+ Nyo 5™ + (U lls + My Y1

el + lyoll + 71yl ™1™
= (Ko7, x)" + Ko7, y)")'™.

Taking the infimum over all such decompositions of (|x|* +|y|*)"%, we obtain
that

K(r,(Ix[" +[y "))z [K(r, x)* + Ka(1, y)]".
In the final proposition of this section, we consider interpolation between

unitary ideals.

PROPOSITION 3. Let 1=r <s =o. Suppose that A € S,. Then
(l) KZ(Ta A 5 Sr; Ss) = KZ(T, S(A); ly, ls) for all T> O
(ii) If A is Hermitian,

Ki1, A S, S) =inf{(| Ao} + 7*[ AL [0)*: AcESS,, AL ES,,
A=A+ A, and A,, A, are Hermitian}
for all 7>0.
(iii) If A is positive,
KA1, A; S, S) =inf{(|| Aolf + | A.[})*: AcES,, A ES,,
A =Ap+ A, and A,, A, are positive}

for all >0.

PrOOF. Since K7, A;S,,S.)=Ky(7,|A|[;S,,S,) for all >0, we can assume
in case (i) that A is Hermitian.

Suppose that A =27, g;5;(A)d; ® ¢; is Hermitian (where ¢, = = 1) and that
A =A¢+ Ay, with Ay in S, and A, € S,. Let

(0) = <A0¢1a ¢1> (1) =(A, & ¢1>
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for j=1,2,... and let

A= T aP6 B4, Ai=% a9 00,
Then A(ES,, AIES,,

IAsl =@l =1 Acll, 1ALl =@l =[Al.,
A =Al+A] and (g5(A))=(a”)+ (a}"). Thus

Ky(1, A} S, S;) =inf {("Ao"f-}— 2| AR Ao= zl a%, Q& ES.,
=
Al = 2 a?)(bi ®¢I eSs and A = A{)+A1}
=

= inf{([| aolf} + 7°| @:|})*: as € L, a, € L, and
(&:5(A)) = a0+ ai}

=inf{(|aolf + 7 @) : a0 €L, a: €L,
ao,a,=0and s(A)=ao+ ai}.

The first equality gives (ii), the second gives (i) and the third equality combined
with the first gives (iii). Part (i) of this proposition was proved by Arazy ({1]
theorem 2.4).

3. Some operator norm inequalities

In this section we shall prove some operator norm inequalities which we shall
need to establish convexity properties of unitary ideals. The first set of
inequalities is quite general.

PROPOSITION 4. Suppose that 1 <p <o and 1<u <. There exist positive
constants c,, and C,, such that if A and B are operators in S, then
) if 1<p=2

AR+ . IBIR* =LA + Bls+]|A - B[R
=(|AlR+ Gl BI™”
(ii) while if 2=p <o
A+ e 1Bl =&(lA + Bl +IlA - Bl
=(lAlF+ Gl BIRY™.
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Proor. The modulus of convexity s, satisfies
SSP (8)"3‘ gmax(z.p)

by [12], theorem 2.2. The left-hand inequalities follow from this, and proposition
1 of [4].

The right-hand inequalities are established by duality. Suppose that p 2. Let
q =p/(p —1) and v = u/(u — 1) be the conjugate indices, and let A =||A + B|,
and p =||A — B|,. There exist operators S and T in S, such that|[S|, = T, =
1 and

Tr(A+B)S=4, Tr(A-B)T=pn

Then

A+ ") =32 'Tr(A + B)S + u*'Tr(A - B)T)
=(TrAMA*'S+u*'T)+Tr B(A*™'S — 7' T))
SHlAR+ el B UA TS + u ' T+ cpu ]S — 7' TR
= (A B+ caull B GA ™ + @yt

by the left-hand inequality of (i). Thus we can take C,. = c,. The case where
1<p =2is proved in exactly the same way.
The next proposition is concerned with Hermitian operators.

PropOSITION 5. (i) If 1 < p =2 there exists a positive constant c, such that if A
and B are Hermitian operators in S, then

AR+ IBEY”=|A +iBl, =(lAF+]Bl)".

(i) If 2=p <oo there exists a positive constant C, such that if A and B are
Hermitian operators in S, then

(lAlE+IBI)™ 1A +iBl, = (|Als+ G By

Proor. We shall prove (i); (ii) follows by duality, as in Proposition 4. Since
IA +iBll, =[|A —iB|, when A and B are Hermitian, the left-hand inequality
of (i) follows directly from Proposition 4. We prove the right-hand inequality by
interpolation. If A and B are in Sy, then | A +iB|,=|| A} +||B]:, by the
triangle inequality. If p =2, and A and B are Hermitian

|A +iBJE=tr((A +iB)(A - iB))
=tr(A%)+tr(B%)+i tr(BA)— i tr(AB)
=tr(A*) +tr(B*) = A+ B



182 D. J. H. GARLING AND N. TOMCZAK-JAEGERMANN Isr. J. Math.

(cf. [6] theorem 8.2).
Suppose now that 1 <p <2, that A and B are Hermitian elements of S, and
that

A=3 a6 ®%, B=ZBHQ%
Define an operator T : L(R)®. L(R)— S, by

T, (6= 2, vy @ & +i 3, 3 @ by
< =
Considering S as a real linear space, T is a real linear mapping and || T|| = 1.
Also
" T: tl(R) @1 I](R)"—> S]" =1.

Now by [3] theorem 5.2.2, the quasi-normed space (I, (R)D, L, (R)Y is, up to a
multiplicative constant, isometric to the real interpolation space

(LR) D1 Li(R), (I(R) D2 L(R)Y )p-14

and, arguing as in Proposition 3, it is easy to see that (S, is, up to the same
multiplicative constant, isometric to (Si,(S2)"),-1;. By real interpolation ([3]
theorem 3.11.2) it follows that

IT:LR)YD, L R)— S, [|=1.
Applying T to ((¢;),(B;)), it follows that
lA +iBlp=lAl:+|BI5

The right-hand inequality in (i) and the left-hand inequality in (ii) also follow
directly from Clarkson’s inequality for the spaces S, [9].
The final results of this section involve positive operators.

ProprosITiON 6. (i) If A is a positive operator and B a Hermitian operator in
L(H) then

IA +iBl|=(lAIF+2IBI)*
(i) If A is a positive element of S\ and B a Hermitian element of S, then
lA +iBli= (Al +:l BIR)"™.

Proor. First observe that it is sufficient to consider the case where H is two
dimensional. For given mn >0 there exists a unit vector h in H such that
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(A +iB)h|}= (1—7)||(A +iB)||. Let P be the orthogonal projection onto span
(h,(A +iB)h). Then

|PAP +iPBP||= (1-1)| A +iB],

while PAP is positive, PBP is Hermitian, and | PAP| =||A|, | PBP|=]| B|.
By choosing a suitable basis, we can suppose that A and B have matrix

representations
_ /\1 0) _ <a C)
A= (0 N BTl b

where |A | =A,Z A.. Let

Note that |B,|=||B|| and |B.||=|c|=||B|. Since AB,= B\A,
(A —iB)(A +iB)= A+ B’ +i(AB, - B,A)
so that

IA +iB[f =[(A —iB)(A +iB)| =||A*+i(AB.~ BA)| +|| B’|.

Now A’+i(AB,— B,A) has matrix representation

( Al i()\l—)tz)c)
—i(A—A)E A2 :

If A, = A, this has norm A} =| A |’. Otherwise, the norm is equal to the larger
eigenvalue; a simple calculation shows that

|A%+i(AB.— B,A)| =3A1+ A5+ V(AT = A +4(A — A)’cE)

= A2+iA3- 2)(\/1+(/\4+“)‘2) 1)

=Ai+¢c 1—”‘ Az
TN

Ay
=i+ (3 sIAF+IBE

The result for S, follows by duality.
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REMARK. Operators represented by matrices

1 0 _{0 t
A= (O O> and B= (t O)
for small real values of ¢ show that 2 is the best possible constant in the first

inequality of this proposition.
If A and B are represented by

(Y (o0
A‘(o ~1) @and B"(—iz 0/

A +iB||=1+t=| Al+||B]; thus it is not possible to drop the condition that
A is positive.

4. K-(r,s) monotonicity and the convexity of unitary ideals

We now make some definitions relating the K,-functionals to convexity
properties of a sequence space. Suppose that (E,|.|) is a Banach sequence
space. If 1 <r =s <o we say that the norm is K-(r, s)-monotonic if, whenever v,
X, y, z are vectors in E which satisfy

(Kam, 055, LY + K1, %3 L, L)) = (Ko7, y3 b, LY + Ko(1, 23 1, L))"
for all >0, it follows that
(ol +lx ) =yl +1z )"

If 1< p < we say that the norm is K-(p, ©)-monotonic (K-p-monotonic, for
short) if, whenever x, y and z are vectors in E which satisfy

Ki(r,x; 1, 1Y S K1, y; L, LY + K7, 23 1, 1Y

for all = >0, it follows that
Ix P =lylr +lz]".

The relevance of these definitions is suggested by the following proposition,
which is an immediate consequence of Proposition 2 and the definitions of
r-convexity and s-concavity.

PROPOSITION 7. Suppose that 1=r=2=s=c. If (E,| |) is a Banach
sequence space with a K~(r, s )-fnonotonic norm then (E,| ||) is symmetric, and is
r-convex and s-concave, with M(E)= M,(E)=1.

The next result shows that K-(r, s) monotonicity leads to important conse-
quences for unitary ideals.



Vol. 45, 1983 UNITARY IDEALS 185

PROPOSITION 8. Suppose that (E, |.|) is a symmetric Banach sequence space.
(i) If 1<p =2 and |{.|| is K-p-monotonic, and if A is a positive operator and B
a Hermitian operator in Se, then

|A+iBlg=|Alz+2|B]S.

(i) If 1 <r =2=s < there exist positive constants ¢ and C such that if ||.| is
a K-(r, s)-monotonic norm then

XA +B

e+|A-B

D" z(|Alle+c|B

|sE)l/s
and
[}(]A +B|:+||A-B

D))" =(|All+ ClB[="
for all operators A and B in Sg.

PROOF. (i) Suppose that A = A+ A,, where Ao and A, are positive and that
B = By+ B,, where B, and B; are Hermitian. Then

A +iB = (A, +iBg) + (A, +iB)),
and so, if 7> 0,

Ky (1,A +iB;S,, S) = (|| Ao+ iBo|5+ 7°[| A1 + iB.|2)"?
= (1Al + 21 Bollpy™ + (7 [| As 2 + 27 | By )7 )
by Propositions 5 (i) and 6 (i). By the triangle inequality in I,,, it follows that
Ki(1,A +iB;S,, S) = (| Aol + 7*[| ARY™ +2(| Bolly + 77| B [l 1™
Taking the infimum over all such decompositions of A and B, it follows that
Ki1, A +iB; S, S.f =(Ki(1, A S,, S.))Y +2(K7, B; S;, So)Y.
Thus
Ky(1,5(A +iB); by, LY =(Ku(1,s(A); . 1)) +2(Ky(7,5(B); |, I=))°
so that
lA +iB|&=|s(A +iB) =ls(A)IF +2[sB)IF =|AlE+2| Bl

by the K-p-monotonicity of the norm.

(i) To show the first inequality suppose that A + B =T,+ T, and A - B =
Ro+ R, where T; and Ry are in S, and T; and R, are in S,. Let A, =3(To+ Ro)
and A, =3(T, + R,) and, similarly, let B, =3(To— Ro) and B, =3(T, — R,). Note
that A = Ay+ A, and B=By+B,. Soif >0 and ¢ >0,
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(K7, A3 S, S) +cKy(1,B; S, S.) )1/x
={(l A,
={(| Aol + c]| Bo

e a7 ALY+ (I Bolf+ 77 BB
;v)2/s}l/2,

by the triangle inequality in /... Since s =2, it follows from Proposition 4 that if
¢ =min(c}’, c,,) then

:)Z/s +72("A1

§+C“B1

(K7, A3S,,S,) +cKi(r, B S, S, )"
={G(I Ao+ Boll:+[| Ao = Bofl))"” + 7°G(l| A1 + B[ +]| A, ~ By

;))Z/r }1/7

= B[ Ao+ Bollr + [ Av+ BiJR)” + (| Ao = Bolf + 7° A = Bu[R)

= BT+ I TR+ (IRfE+ 7 R Y,

by the triangle inequality in l,,. Taking the infimum over all such decomposi-
tions of A + B and A — B, it follows that

(KA1,A;S,,8.) +cKi(1,B; S, S.))"”
={(Ki(r,A +B;S,,S8.) + Ki1,A —B;S,,S) )"
Thus, by Proposition 3 (i),
{Ki(r,s(A); L, LY + cKx(7,s(B); L, L)y}"
= (K7, s(A +B); I, L) + Ku(1,5(A = B); L, LY )},

and so the first inequality follows by K-(r, s)}-monotonicity of the norm.
The proof of the second inequality is analogous, and we omit it.

THEOREM 1. Suppose that 1<p =2 and that E is a symmetric Banach
sequence space, whose dual E' has a K-p-monotonic norm. Then the associated
unitary ideal Sg is p’-uniformly PL-convex (where 1/p +1/p'=1).

PrOOF. Suppose that S and T are in Sg, with ||S||=1. There exist partial
isometries U and V, with U onto and V one-one, such that VSU is positive.
Suppose that € > 0. There exist unit vectors A and B in Sg, with A positive,
such that

t(VSUA)Z1~¢, |te(VIUB)—|T|| <e|T].

Let C, = ie”B* —ie "B, for 0< 6 =2 Note that C, is Hermitian, so that if
>0
A +iBColla=1+2(2B),
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by Proposition 8(i). Thus, since ||S + e“T|| = || VSU +e“VTU|,

(1+208Y)" 3= [ IS + "Dl do

27
> Re % J (r(VSU + e"VTU)(A +iBC,)do
0

=Re tr(VSUA + BVTUB)
=(1-e)A+8|T]).

Setting B =|| T|F~'/2*", it follows, since ¢ is arbitrary, that

1 27 . T p'\ 1/p’
2—;L IS +e*T|do = (1+”2—1L) .

THEOREM 2. Suppose that 1 <r =2=s < and that (E,|.||) is a symmetric
Banach sequence space whose norm is K-(r, s )-monotonic. Then Sg is uniformly
convex with modulus of convexity of power type s and uniformly smooth with
modulus of smoothness of power type r.

PrROOF. Suppose that £ >0 and that T and R are in Sg, with || T|le =R ||z =
1 and | T — Rz = &. It follows from the first inequality in Proposition 8(ii),
applied to A =(T+ R)/2 and B =(T — R)/2, that

s £ s\ Us
+cl2 =
( el3) =

where ¢ >0 depends only on r and s. Therefore

Esl/s
zl-(1-cl|5 =c'e’.
2= (1e(g) ze

Taking the infimum over all such operators T and R, it follows that §,. (¢)=
Ce’

Next suppose that 7>0 and T and R are in Sg, with | Tl =1, |Rlle =~
From the second inequality in Proposition 8(ii) it follows that

|T+R
2

T+R

==

GUT+RIE+IT-R|}" =A+Cr)"
Thus
WIT+R|e +|T-Rle)-1=(1+Cr)" —1=C'7".

Taking the supremum over all such operators T and R it follows that
ps ()= C'1'.
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5. The cotype of operator ideals

Theorem 1 raises the questions: Under what circumstances does a symmetric
Banach sequence space have a K-p-monotonic norm? Under what cir-
cumstances can a symmetric Banach sequence space be given an equivalent
symmetric norm which is K-p-monotonic? We shall consider the second of these
questions. The next proposition is well-known: for completeness’ sake we give a
proof.

ProposiTION 9. Let (X,|| ||) be a Kothe function space for which X' is
norming, and suppose that 1 <p <. Then (X,| |) is p-convex, with M®(X) =
1, if and only if there exists a set A of non-negative measurable functions such that

11l =sup ( f If l"adu) "
for each f in X.

PrOOF. If f is measurable, let f* =|f|" sgnf. Let X ={f*:f € X}, and if
g =f* € X" let| gl =IfI. Then (X%, || fll-») is 2 Kdthe function space, which is
a concrete representation of the p-concavification of (X,| |) ([8] p. 54). If
0=g,1gae then0=g,”1 g'" a.e., so that, by [8] proposition 1.6.18, (X?)' is
norming for (X?,|| |le)). Thus there exists 2 set A of non-negative measurable
functions such that

Il =sup [ 18] ada
for each g in X*. Consequently
1 e
I£1=15 s =sup ([ If Padn)

for each f in X. The converse implication is trivial.

Suppose now that (X,| ||) is a rearrangement invariant space on €, in the
sense of [8] (so that Q@ ={1,2,...}, [0,1] or [0,®)). Then there exists a set A of
non-negative non-increasing functions on {2 such that

I =sup [ f*adu
(where f* is the decreasing rearrangement of f), for each f in X. Let us set

Fw=[ Fe)ane),
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and let M be the set of positive measures {~da :a € A}. Then
Ifl=sup | 'dv
vEM JQ

for each f in X. Following through the argument of Proposition 9, we obtain

ProposiTioN 10. Let (X,|| |) be a rearrangement invariant space, and sup-
pose that 1 <p <. Then (X,|| ||) is p-convex, with M®(X) =1, if and only if
there exists a set M of positive measures on ) such that

Il =sup | ¢y
vEM JQ
for each f in X.

THEOREM 3. Suppose that 1 < p =2 and that (E,| |) is a symmetric Banach
sequence space. Then E is p-convex if and only if there exists an equivalent
K-p-monotonic norm || |k on E.

PrOOF. Suppose that E is p-convex. By [8] proposition 1.d.8, we can replace
the norm on E by an equivalent norm whose p-convexity constant is 1, and this
norm is clearly symmetric. By Proposition 10, we can suppose that there exists a
set C of positive sequences such that

x *"’)
i

IxlF =sup . (
ceC

n=1

M=

1

for each x in E. We now set

3

1/p

Ixl =sup ( 5, e (®atn™ x31, 1Y)
ceC n=1

Clearly [|ax ||k =|e| }lx|. By Proposition 1, {|x||x =||x[|=2""|x . It follows

from Proposition 2 and the definition of | ||« that

ICx 1y )" Nl = (lx e+ Hly 1R,

forall x and y in E. Consequently the p-concavification of (E,| |«)is a normed
space. (E| [k is the p-convexification of this, and so is a normed space (cf. [8]
p. 53). Thus | [l is a norm on E which is equivalent to || [|z. Finally the fact
that | |« is K-p-monotonic follows directly from the definition of | ||x.
The converse statement is an immedite consequence of Proposition 2.
Using the duality between g-convexity and q'-concavity, ([8] proposition
1.d.4), the fact that a Banach lattice has cotype 2 if and only if it is 2-concave ([8]
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theorem 1.f£.16) and the fact that a g-uniformly PL-convex Banach space has
cotype g, we obtain the following conclusions.

THEOREM 4. Suppose that (E,|| ||) is a symmetric Banach sequence space.
(a) The following are equivalent:

(i) E has cotype 2;

(ii) Sg has cotype 2; and

(ili) there is an equivalent unitary-invariant norm on Sg under which it is

2-uniformly PL-convex.
(b) If E is qg-concave (where 2 = q <), Sg has cotype q, and can be given an
equivalent unitary-invariant norm under which it is q-uniformly PL-convex.

Theorem 4, combined with the duality theory for Banach lattices (cf. [8]
chapter 1), gives analogous results for the type of a unitary ideal.

COROLLARY. Suppose that (E,|.l|) is a symmetric Banach sequence space.
(a) The following are equivalent:
() E has type 2;
(ii) Se has type 2.
(b) If E is p-convex (where 1<p =2) and is q-concave for some 2=q <®
then Sg has type p.

Proor. If Sg has type 2 then E has type 2, and if E has type 2 then E is
2-convex and g-concave for some 2 = g < o ([8] proposition 1.£.7). It is therefore
sufficient to establish (b). E' is p’-concave (where p’ = p/(p — 1)) and r-convex
for some 1<r =2 ([8] proposition 1.d.4). This means that E’ is #-Hilbertian
([10] theorem 2.2) and so Sg- is 6-Hilbertian ([1] theorem 2.4). Thus Sg is
K-convex ([11] théoréme 1). As Se- has cotype p’, it follows that Sg = (Sg-)’ has
type p.

Theorem 4 suggests the following problems:

ProLeM 1. If (E,| |) is a g-concave symmetric sequence space (where
2=gq <®), is Sg g-uniformly PL-convex?

ProBLEM 2. If (E,|| |) is a symmetric sequence space of cotype q (where
2< g <m),is Sg of cotype q?

Note that it follows from Theorem 4(b) and [8] corollary 1.f.9 that, under the
hypotheses of Problem 2, Sg is of cotype s for all ¢ <s <.
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6. The uniform convexity and uniform smoothness of operator ideals
In this final section we shall prove the following.

THEOREM 5. Suppose that 1<p =q < and that (E,|-||) is a symmetric
Banach sequence space which satisfies an upper p-estimate and a lower q-
estimate. Let 1<r<p, q<s<x and r =2=5s. Then there is an equivalent
symmetric sequence space norm on E such that Sg is uniformly convex with
modulus of convexity of power type s and uniformly smooth with modulus of
smoothness of power type r.

Theorem 5 is a direct consequence of Theorem 2 and the renorming theorem
below. The new norm that we introduce involves K.-functionals, but is rather
different from the norms that we considered in earlier sections.

THEOREM 6. Suppose that 1<r<p=q<s<», that r=2=s and that
(E,|I.1) is a symmetric Banach sequence space which satisfies an upper p-estimate
and a lower q-estimate. Then there is an equivalent symmetric sequence space
norm on E which is K-(r, s )-monotonic.

Proor. By [8] theorem 1.£.7 and proposition 1.d.8 we can give E an
equivalent norm ||.|lz for which M = M, =1, and it is clear that this is a
symmetric sequence norm.

For each n =0,1,... let us set

where e, is the mth unit vector (0,...,0,1,0,...). If x EE we set

Il =| 3 2k xi b b,
n=0

E
where a = 1/r — 1/s. First we show that there are positive constants a and b such
that

alxlx =llxfe =bx]«

for each x € E. We can clearly suppose that x = x *. By Proposition 1, there exist
positive constants ¢; and ¢, such that

p 1/r o 1/s
e K(2" x5 1, L) = (E x,’) 2 ( > x,‘-)
j==1

= j=2"+1

= cle(zna7 X5 lr7 ls )7
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for each x € l,. Thus

x an 1r
clelez| T2 (3 %1) £
}

v
™M
2
™

I
(Nl
=
®

since x = x*. Conversely,

x 2n 1/r = X 1/s
elele=| 3 (F0) r] ]S (2 %)
n=0 j=1  lIn=0 j=2"+1 E
Now
S 2n 1/r ks n 1r
52 (S x) B =3 (F )k
n=0 j=1 E n=0 \ k=0 E

where we set x, =0 if i <0. We can write

%} 1/r ad Yr
r12=0<] 02_,x£"'i> fn =(2 y]r) 3

£

where y; =27 27 _oxn-if,, so that by r-convexity

() L=

r 1/r
E>

Since (E, | . ||=) satisfies an upper p-estimate, its upper Boyd index is greater than
or equal to p (cf. [8] p. 132). Therefore there exists a constant M such that

ZQ X2"—if,,

2 xy"ifn
n=0

=M2"||x|e
E
for all x € E. Thus

i 2—n/r ( 22" x() llrf
n=0 ! "

i=1

20 1/r
=M(3,277) .
E j=0
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On the other hand,

g2 2,0) 4,

j=2"+1

A
Mx
\ZL

A
(NgE
—
™M
N2
=
G
>
~
'?hm

where z; =2/ Zr_o xy+-f.. By r-convexity,

= e x
(3,5)"] =(S1ak)"

i=0 E =0

= o ry V.
(E 2fr/s 2x2i+"fﬂ\ )
j=0 n=0 E

Since (E, |.||e) satisfies a lower q-estimate, its lower Boyd index is smaller than
or equal to g (cf. [8] p. 132). It follows that there exists a constant M such that

x

x2"+if"

=M27||x|e,
E

for all x € E. Therefore

s( 547,

j=2"+1

* r
( 2 [(r/s r/q)) |x "E

This establishes (1).

The fact that ||.||x is 2 norm follows directly from the triangle inequality for
K, -functionals. The K-(r,s)-monotonicity of |.|lx follows directly from the
definition of ||. x and the fact that the r-convexity and s-concavity constants of
(E,|l.lle) are both equal to one.

Theorem 5 has the following consequence.

COROLLARY 1. Suppose that (E,|.||) is a uniformly convex and uniformly
smooth symmetric Banach sequence space with modulus of convexity of power type
q (where 2=gq <) and modulus of smoothness of power type p (where
1< p=2). Then for every 1 <r<p, q <s <, there is an equivalent symmetric
sequence space norm on E such that Sg is uniformly convex, with modulus of
convexity of power type s, and uniformly smooth with modulus of smoothness of
power type r.
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This corollary should be compared with the observation of G. Pisier [10]
section 4, (*) (see also [2]) which states that if 1<p=2=g<wand FE is a
symmetric Banach sequence space which is p-convex and g-concave with
MP(E)=My(E)=1 then

G(lA +Ble+|A-B

)" =(|A

[=+|B

rE)l/r

for all operators A and B in Sg, where q'=q(q —1), r =min(p,q’) and
r' = r[(r - 1). From this it follows that Sg is uniformly convex with modulus of
convexity of power type r’ and uniformly smooth with modulus of smoothness of
power type r.

In fact it is possible to improve this last result a little. Suppose that p <gq'.
Define ¢, s and 6 by

%=%<3+};) , %=§+(1—0) and é=g (where p’=p/(p — 1)).

Then by remark 2.6 of [10] there exists a symmetric Banach sequence space E,
such that E is the complex interpolation space [Eo, L]o. As p <q', 1 <s <2 and
so S; is uniformly convex with modulus of convexity of power type 2. This means
that there exists 0<<c¢ =1 such that

(lA +BIE+c*|A - B =V2(JA £+ BIE)"”
for all A and B in S,, and so the map
(A,B)>(A+B,c(A—B)):S5,®:5 —S .S
has norm at most V2. The map
(A,B)— (A +B,c(A — B)): Sg, P~ Se,— Se, P Sk,
has norm 2 and so, since
Se B:Se = [S&, D= Se S5 B2 S: o,
(IA +Ble+c'|A - Bl =2""(|A =+ B )"

for all A and B in Sg. This means that Sg is uniformly convex with modulus of
convexity of power type t.

By duality, if p > q' then Sg is uniformly smooth with modulus of smoothness
of power type t'=t/(t —1).

The results of this section raise the following natural problems:

PROBLEM 3. Suppose that 1 < p =2 =q < and that (E,| |)is a symmetric
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sequence space which is p-convex and g-concave. Is there an equivalent K-
(p,q)-monotonic norm on E?

ProBLEM 4. Under the hypotheses of Problem 3, is there an equivalent norm
on (E,| |I)such that Sg is uniformly convex with modulus of convexity of power
type p and uniformly smooth with modulus of smoothness of power type g?

PROBLEM 5. Suppose that 1 <p =2 =g <o and that (E,|| [)is a symmetric
sequence space with MP(E)= M,(E)= 1. Is S¢ uniformly convex with mod-
ulus of convexity of power type p and uniformly smooth with modulus of
smoothness of power type g?

ProBLEM 6. Does the conclusion of Problem 4 (or the conclusion of Problem
5)hold if (E,|| |)is uniformly convex with modulus of convexity of power type p
and uniformly smooth with modulus of smoothness of power type gq?

ProBLEM 7. Does the conclusion of the corollary hold without renorming?

Finally let us mention a consequence of Theorem 6, which may be of
independent interest in interpolation theory. For simplicity we formulate it for
symmetric Banach sequence spaces; it is also true for rearrangement-invariant
function spaces.

COROLLARY 2. Suppose that 1<r<p=q<s<x, that r =2=s, and that
(E, || .1) is a symmetric Banach sequence space which satisfies an upper p-estimate
and a lower q-estimate. Suppose further that T is an operator which is continuous
as an operator from (I, B 1), to (L, B 1), and from (I, D ). to (,, D L);. Then T'is
continuous as an operator from (E P E), to (E P E), and

| T:(E®E). —(EDE).
scmax[|T:(LBL). =BT : L SL). =& DL

Moreover, there exists an equivalent symmetric sequence space norm on E such
that the inequality holds with the constant ¢ = 1.

SKETCH OF PrROOF. By Theorem 6 it is clearly enough to show that if |.}| is
K-(r, s)-monotonic norm on E and T is an operator such that

max{|T: (L DL, — U BLLIT: A OL), —~LBL).=1
then [T:(EE). - (E®@E).|=1.
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Suppose that (x,y)E E G E and that x = xo+x; and y = yo+ y;, where x,
and y, are in [, and x, and y, are in k. Let (v, z2) = T(x, ), (vo, zo) = T (X0, yo) and
(v1, z1) = T(x1, y1). Then vo and zo are in [, v; and z, in [ ; moreover, v = vy + v,
and z = zo+ z,. Therefore

(Kar5 054, L) + Kol73 251, LY )" = {(lvolf + 7] 020 + (| zo[F + 7° 2 [f)"F*
={(llvo szl
={| T(xo, y)lltserr, + 7| TCxs, y) o}
= {[lxo yo) [, + 771 (x1, y1)

3+ (ol + By

F+1zo

7+ 7l

1/2

Lot

= {(llxoll? + 7714

Thus, taking the infimum over all such decompositions for x and y, it follows
that

(Ka(r, 030, L) + Ko(m, 230, L))" = (Kolm, x5 L, LY + Ka(my y3 1, L))

The K-(r,s)-monotonicity of the norm implies that
1T y)eeer. = (o +lz[F)*

=[xl +1y " =lx, y)ees.-
This shows that | T:(E D E). —»(EDE).||=1

Added in proof. The second named author has recently showed that Prob-
lems 1 and 5, hence also Problem 4, have positive solutions.
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